I. INTRODUCTION

M
AGNETIC couplings can transmit a torque from a primary driver to a follower without mechanical contact. Therefore, they are well suited for use in isolated systems such The authors are with the Groupe de Recherche en Electrotechnique et Electronique de Nancy, Université de Lorraine, 54506 Nancy, France (e-mail: thierry.lubin@univ-lorraine.fr).
Color versions of one or more of the figures in this paper are available online at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TIE.2014.2351785 as vacuums and high-pressure or cryogenic vessels. Compared with mechanical couplings, they present great advantages such as self-protection against overload condition and great tolerance to shaft misalignment [1] - [4] . There are two main types of magnetic coupling: synchronous [1] - [13] and induction type (eddy current) [14] - [30] , both with radial or axial flux configuration. In this paper, we focus on single-sided axial-field eddy-current coupling, as shown in Fig. 1 . It consists of two disks: one is composed of rareearth PMs (axially magnetized), and the other one is equipped with a conducting plate (generally copper). To improve the performances, the flux is closed by two back iron yokes.
The working principle of eddy-current couplings is well known [14] . The eddy currents, which are induced in the conducting plate by the slip speed (Ω = Ω 1 − Ω 2 ), interact with the magnetic field and generate a torque. The normal working range area of such devices corresponds to low slip values where the temperature rise, due to induced current, is limited. In this condition, the torque is proportional to the slip [21] . As shown in [14] , the efficiency of eddy-current couplings is given by η = 1 − s, where s is the slip (s = Ω/Ω 1 ). Fig. 2 shows the prototype of the studied eddy-current coupling placed on the test bench. The physical and geometrical parameters are given in Table I . These parameters have been optimized, but the optimization procedure is not developed in this paper. Design optimization of eddy-current couplings can be found in [22] , [29] , and [30] . With these parameters and considering c = 3 mm for the air gap, we obtain a torque of about 10 N · m for a slip speed of 150 r/min [see (11) ]. A slip speed of 150 r/min corresponds to an efficiency of 95% (η = 1 − s) when the eddy-current coupling is used with a motor running at a nominal speed of 3000 r/min [14] .
Eddy-current couplings have been studied for a long time, and many papers can be found in the literature [14] - [23] . The study of such devices is usually based on a 2-D approximation for the magnetic field distribution. The induced currents in the conducting plate are computed by solving a 2-D diffusion equation leading to a complex expression for the transmitted torque [16] - [18] . More recently [20] , [21] , the magnetic equivalent circuit (MEC) method has been used to predict the performance of eddy-current couplings by taking into account the magnetic saturation effects and all material properties. With the MEC method, it is possible to study eddy-current couplings with complex geometries [23] . In such cases, analytical models have significant issues. The main drawback of the MEC method is that the flux paths must be a priori known in order to define the reluctance expressions, which appear in the torque expression [20] , [21] , [23] . For an engineering purpose, it is important to have a simple and accurate torque formula in order to quickly study the effects of geometrical parameters on the coupling performances. As previously indicated, the working area of eddy-current couplings corresponds to low slip values. Therefore, analysis of such device can be limited to low slip values, which greatly simplify the analytical development.
The goal of this paper is to develop the simplest model that gives acceptable results in the design area (low slips). To achieve this outcome, we have to do some assumptions that will be justified in the next developments. The 3-D effects (actual paths of the induced currents) are taken into account by using the Russell correction factor [31] . The proposed torque formula, which depends directly on the physical and geometrical parameters, is then used for the analysis of both steadystate and transient operations. It should be noted that transient performance analysis of eddy-current couplings is rarely treated in the literature [24] - [26] , and very few experimental results are given [27] , [28] .
II. TORQUE EXPRESSION FOR LOW SLIP VALUES
Axial flux eddy-current coupling is an inherent 3-D geometry from the modeling point of view. However, in order to simplify the analysis, the 3-D problem in Fig. 1 can be reduced to a 2-D problem by introducing a cutting plane at the average radius of the magnets R m = (R 1 + R 2 )/2. Fig. 3 shows the resulting 2-D model in Cartesian coordinate (y, z) with an infinite length along the x-direction. The 3-D effects (actual path of the induced currents) cannot be overlooked for such device and will be taken into account by using the classical Russell correction factor [31] . Moreover, for reasons of simplicity, we adopt the following assumptions.
1) The reaction field due to induced currents is neglected because of the low slips assumption.
2) The iron yokes are considered with infinite magnetic permeability and zero conductivity. 3) Only the first harmonic is considered for the magnetic field distribution. 4) Magnets are axially magnetized with relative recoil permeability μ r = 1. As the iron yokes present an infinite permeability, the tangential component of the magnetic field is zero at z = 0 and 
This limits the number of region where the magnetic field has to be computed. This hypothesis can be regarded as accurate because the thicknesses a and e of the back iron (see Fig. 3 ) must be determined to avoid magnetic saturation.
As shown in Fig. 3 , the whole domain of the field problem is divided into two regions: the PMs region (Region I) and the air gap with copper region (Region II). As the reaction field is neglected, the air gap and copper can be connected because we have the same governing equation for this region, i.e., Laplace's equation.
A magnetic vector potential formulation (A i = A i (y, z)e x ) is used to solve the problem. From the Maxwell equations and considering the adopted assumptions, we have to solve the following equations in each region:
∂z 2 = 0 in Region II (air-gap and copper) (1) where μ 0 is the vacuum permeability, and M z is the axial magnetization of the magnets. The distribution of the axial magnetization M z (y) is plotted in Fig. 4 . The axial magnetization can be expressed in Fourier's series. It has been shown in [18] that the first-harmonic component plays a dominant role in the torque transmission for eddy-current couplings (around 98% of the total torque). Hence, in the following development, we will consider only the first harmonic of the magnetization, i.e.,
According to the symmetry of the magnetic field distribution and considering the classical boundary and interface conditions for such problem, solutions of (1) are The induced current density in the conducting plate can be deduced from Lorentz's equation
where Ω = Ω 1 − Ω 2 is the slip speed (rad/s) between the two discs. The transmitted torque can be evaluated by the power losses dissipated in the conducting plate, i.e.,
From (4), (6), and (7), we can derive a closed-form expression for the electromagnetic torque, which depends directly on the physical and geometrical parameters, i.e.,
where K T is given by
As expected for low slip values, the torque is proportional to the slip speed Ω (rad/s). The expression has been arranged in order to isolate its dimensional part.
It has been shown in [18] , [20] , and [22] that the 3-D end effects cannot be neglected for such devices. Fig. 5 shows the actual paths of the induced currents in the conducting plate (3-D effects).The induced currents flow along a closed path and not only in the x-direction as it was obtained with the 2-D model (6) . To take into account the end effects, an efficient correction factor has been given by Russell and Norsworthy, i.e., [31] 
The torque expression with the 3-D effects can be finally expressed as
where K T is the torque coefficient. Fig. 6 shows the variation of K T versus the air-gap length (the other parameters are those given in Table I ). As expected, K T decreases with the air-gap length. Table I ). 
III. STEADY-STATE ANALYSIS
Here, we use the torque formula (11) to study the steadystate performances of the coupling (constant-speed operation). In order to show the effectiveness of the proposed model, the results obtained with the analytical formula (11) are compared with those obtained from 3-D nonlinear finite-element analysis (FEA). The finite-element simulations (COMSOL Multiphysics) are conducted by considering the reaction field due to the induced currents and the real geometry of the coupling (i.e., cylindrical structure, as shown in Fig. 1) . Moreover, the nonlinear magnetic property for the back irons (B-H curve) has been considered in the finite-element simulations and is shown in Fig. 7 .
A. Torque-Speed Characteristic
The torque-speed characteristic of the studied coupling is shown in Fig. 8 . As previously indicated, only the low slip values are considered here (high-efficiency area). The geometrical parameters are the ones given in Table I with c = 3 mm. Fig. 8 shows that the torque is well predicted by the analytical formula if we consider the Russell correction factor. In this case, the deviations between the proposed formula and the 3-D nonlinear FEA are always below 10%. 
B. Influence of Geometrical Parameters
The torque formula is now used to study the influence of several geometrical parameters (copper thickness, number of pole pairs, and the radial length of the copper). Fig. 10 shows the torque versus copper thickness. We have fixed the air-gap length c = 3 mm and the slip speed at 150 r/min (the other parameters are those given in Table I ). We can observe that an optimal value exists for the copper thickness (T ≈ 10 N · m for d ≈ 5 mm). This optimal value is well predicted by the analytical formula (11) when compared with the 3-D FEA.
The torque versus the number of pole pairs is shown in Fig. 11 . For the analysis, we have considered c = 3 mm; the other geometrical parameters are kept constant and are given in Table I . Once again, we can observe that an optimum value exists for the number of pole pairs (p 4). This optimum value is well predicted by using the torque formula. The error is never greater than 15% compared with 3-D FEA.
As indicated in the nomenclature, λ is the ratio of the radial copper end lengths to the radial magnet length (active length): λ = 0 corresponds to the same radial dimensions for the copper and the magnets (H = L), whereas λ = 1 corresponds to H = 2L. Fig. 12 shows the torque versus the ratio λ obtained with the analytical formula and with the 3-D FEA. We can observe that the torque increases with the copper end lengths and then becomes constant for λ ≥ 1 (an improvement of about 75% is obtained with λ = 1 compared with λ = 0). For the studied coupling (see Table I ), we have therefore chosen λ = 1, which corresponds to 30-mm additional length for the copper compared with the active length of the magnets (15 mm on each side, as indicated in Table I) . Fig. 12 clearly shows the ability of the torque formula to take into account the ratio λ. The error between analytical model and 3-D FEA is not greater than 17% (for λ = 0), and we can observe that the trend is good. 
C. Axial Force Expression
The main drawback of axial-field couplers is the large axial force between the two discs [4] . This force must be known because it affects the bearing losses of the drive. For eddycurrent couplings, the attraction force is maximal when the reaction field is null (i.e., slip speed equal to zero). The proposed analytical model can be then used to derive a closedform expression for the axial force. By using the Maxwell stress tensor, the axial force expression is
By using (12), we obtain F = 581 N with the geometrical parameters given in Table I and considering c = 3 mm. The 3-D FEA gives F = 515 N, which corresponds to an error of about 13% on the axial force prediction.
D. Experimental Validation
For the experimental validation, we have manufactured an axial-field eddy-current coupling prototype, as shown in Fig. 2 . The geometrical parameters of the prototype are given in Table I . The magnetic coupling is inserted between a dc motor and a load, as shown in Fig. 14 (dc motor of 3 kW, 3000 r/min). For the test, one shaft is locked (copper side, i.e., Ω 2 = 0 in Fig. 14) , and the other shaft can rotate (magnets side). The speed is controlled by changing the voltage applied to the armature of the dc motor. The slip speed is measured with an encoder, as shown in Fig. 14 . The torque is obtained by the armature current measurement (the torque constant of the dc motor is 1.35 N · m/A). Fig. 13 shows a comparison between the analytically predicted torque-slip speed characteristics and the measured data. As shown in Fig. 13 , three values for the air-gap length were considered (c = 3 mm, c = 5 mm, and c = 7 mm). It can be noticed that the experimental measurements are in good agreement with the one obtained with the proposed torque formula. The deviations between the analytical formula and the test results are not greater than 10%.
However, we can observe in Fig. 13 that the error between the analytical predictions and tests becomes larger when the speed increases. This difference is due to the well-known reaction field, which can no longer be overlooked for a speed greater than 200 r/min (for the studied coupling). In order to accurately predict the torque-speed characteristic for larger slip values, a more complex model, which takes into account the reaction field effect, must be used [16] - [18] , but this is out of the scope of this paper.
IV. TRANSIENT ANALYSIS
The transient analysis of the magnetic coupling is obtained from the equation of motion for rotating rigid bodies. Fig. 14 shows the scheme of the test bench. The magnetic coupling is placed between two dc motors. One motor is used as the prime mover (attached to the magnets side of the coupling), and the other dc motor is used to apply a load torque (dc generator). The prime mover rotates at Ω 1 , and the load runs at Ω 2 . In steady-state condition, the difference between the two speeds is a function of the load torque. Two encoders (4096 pulses/revolution) have been placed on the test bench to measure the speed on both sides of the coupling during the transient. From Fig. 14 , the motion equations are given by
where J 1 and B 1 denote the moment of inertia and the viscous damping coefficient of the dc motor, respectively; J 2 and B 2 denote the moment of inertia and the viscous damping coefficient of the load, respectively. T DC is the dc motor torque, and T load is the external load torque. Here, we consider only small variations of the slip speed. As shown in [25] - [27] , eddy-current couplings can be modeled as a first-order transfer function (small-signal model), where K T is the dc gain, and τ c is the time constant (s is the Laplace domain variable), i.e.,
where Ω TMAX is the slip speed (rad/s) corresponding to the maximum torque of the torque-speed characteristic (Ω TMAX can be obtained by using a model that takes into account the reaction field [17] ). For the studied coupler (see Table I ), we obtain Ω TMAX = 84 rad/s, which gives τ c = 2.3 ms. This time constant should be compared with the one given in (17) , which takes into account the mechanical part of the system (τ = 38.5 ms for c = 3 mm). For the studied coupler, the ratio τ /τ c 16.7. Therefore, τ is the dominant time constant of the system, and τ c can be neglected in the transient analysis. In the next developments, we assume that the torque transmitted by the magnetic coupling is proportional to the slip speed (the coupler is seen as a purely viscous torque). By considering (11), the equation of motion (13) can be rewritten as
In the following subsections, we study three types of transient response. The first test concerns the speed response to a step input on the torque of the dc motor when the copper face of the coupling is locked (brake operation). In the second test, we study the transient performance during start-up (under no-load condition) for different values of the air-gap length. The last test concerns the speed responses on both sides of the coupling when an abrupt load variation is applied.
A. Speed Response to a Step Input on T DC
In order to study the transient behavior of the coupling, a first test consists in blocking one part of the magnetic coupling (the load part is locked, i.e., Ω 2 = 0 in Fig. 14) and applying a step input on T DC . In this case, the motion equation (15) can be simplified to For this test, the eddy-current coupling acts as a brake and is equivalent to a supplementary viscous damping coefficient, which is equal to the torque coefficient K T given by (11) . As indicated in (9) and (10), the torque coefficient depends directly on the coupling geometrical parameters and more particularly on the air-gap value (see Fig. 6 ). For an air gap c = 3 mm, we obtain K T = 0.65 N · m · s/rad, as shown in Fig. 6 .
Equation (16) is a well-known first-order linear differential equation. The speed response to a step input on T DC is given by (17) . We can define the time constant τ of the system and the final speed value Ω 1∞ . As the viscous damping coefficient of the dc motor B 1 is much lower than K T , it can be neglected (B 1 = 0.002 N · m · s/rad, whereas K T is greater than 0.1 N · m · s/rad, as shown in Fig. 6 ). The viscous damping coefficient B 1 has been measured by the no-load test. The moment of inertia J 1 in (17) is equal to 0.025 kg · m 2 and has been measured by the classical freewheeling operations. Thus,
Fig . 15 shows the speed responses Ω 1 (simulations and tests) when we apply a step in load torque T DC = 5 N · m at t = 0 s. The electromagnetic torque of the dc motor is controlled by the armature current regulation (closed-loop control). As shown in Fig. 15(a) , a step input T DC = 5 N · m corresponds to a step input on the dc armature current of 3.7 A (torque constant of 1.35 N · m/A).
Three values of the air-gap length are considered for this test (3, 5, and 7 mm). Fig. 15(b) shows that the transient behavior is well predicted by the analytical model compared with the experimental results. Table II compares the time constant τ and the final speed value Ω 1∞ for simulation and test. In all cases, the error is less than 9%. As expected, the final speed values given in Table II correspond to the ones obtained during the steady-state analysis (see Fig. 13 ) for a torque of 5 N · m.
B. Transient Performance During Start-Up
For this test, the two sides of the coupling can rotate. The principle is to start the dc motor by connecting its armature circuit to a dc source of low voltage. The dc motor starts from standstill to 400 r/min in steady-state condition. The test is done under no-load condition [T load = 0 in (15) The simulation results have been obtained by using (15) . We can observe in Figs. 16 and 17 that a delay time exists for the speed between the two rotors of the magnetic coupling. This delay time increases when the air-gap length increases. This is due to the decrease of the torque coefficient K T with the air-gap length, as shown in Fig. 6 . This delay time has to be taken into account for servomechanism application. Because of the no-load condition, the speed value in steady state is almost identical on both sides of the coupling (a little speed difference can be observed in Fig. 17 for a large air gap, i.e., 7 mm).
It is worth noting that no oscillation appears on the speed responses during the transient, as it was for synchronous coupling with PMs on both sides [12] . An advantage of eddy-current couplings compared with synchronous couplings is that they are free from torque ripple, as shown in [29] , and can be used as vibration isolation system. Fig. 18 shows the torque transmitted by the coupler during the transient corresponding to the speed variation given in Fig. 17 . We can observe that the torque reaches a maximal value of around 2 N · m (this point corresponds to the maximum slip speed during the transient) and then is almost equal to zero in steady state (no-load condition).
C. Transient Performance With Load Variation
The transient performance of the eddy-current coupling for a sudden application of load torque is now studied. Before the load torque is applied, the dc motor is in steady-state condition and runs with a speed of 750 r/min under no-load condition. For the abrupt application of the load torque, we use a dc generator by connecting a resistance to its terminal armature winding (the mechanical parameters of the dc generator are B 2 = 0.0015 N · m · s/rad and J 2 = 0.01 kg · m 2 ). Once again, two values of the air-gap length are considered for this test. Figs. 19 and 20 show the speed responses (simulation and experimental results) for a sudden load torque of 3.2 N · m. After a transient of around 0.4 s, the two rotors are once again in steady state but with a slip speed that depends on the air-gap value. As expected, the relative speed between the two rotors increases with the air-gap value.
Overall, we can observe close agreements between the analytical and experimental results, which confirm the validity of the proposed model. However, it is important to keep in mind that the torque formula is only valid for low slip values and the proposed model can only predict the transient performance for small variations of the slip speed and under certain conditions previously indicated.
V. CONCLUSION
In this paper, we have developed a simple torque formula that can be easily used for a first evaluation of eddy-current couplings performances, for both steady-state and transient operations. The proposed model is valid for low slip values, but it corresponds to the normal working area of eddy-current couplings (limited temperature and high efficiency). Comparisons with 3-D finite-element simulations have shown that the torque formula is able to predict the influence of the geometrical parameters with good precision. Therefore, it can be used as an efficient tool in the design process of eddy-current couplings.
A prototype has been built, and the comparison between analytical results and tests has shown the precision of the model. An error of less than 10% has been obtained on the torquespeed characteristic. Through detailed transient analysis, we have shown that the magnetic coupling causes time delays between the two rotors during start-up. This time delay depends on the air-gap value and must be taken into account for servomechanism applications and every transient behavior.
